Abstract. It is known that there exist Calabi-Yau structures on the complexifications of symmetric spaces of compact type. In this paper, we describe the Calabi-Yau structures of the complexified symmetric spaces in terms of the Schwarz's theorem in detail. We consider the case where the Calabi-Yau structure arises from the Riemannian metric corresponding to the Stenzel metric. In the complexified symmetric spaces equipped with such a Calabi-Yau structure, we give constructions of special Lagrangian submanifolds of any given phase which are invariant under the actions of symmetric subgroups of the isometry group of the original symmetric space of compact type.
Introduction
An 2n-dimensional Riemannian manifold is called a Calabi-Yau manifold if the holonomy group is a subgroup of SU (n). A Kaehler manifold is CalabiYau if and only if it is Ricci-flat. Let (M, J, ω) be a complex n-dimensional Kaehler manifold, where J is the complex structure and ω is the Kaehler form. Also, let g be the Kaehler metric associated to (J, ω) . If there exists a non-vanishing holomorphic (n, 0)-form Ω on M (i.e., the holomorphic complex line bundle for some positive real constant c, then (M, J, ω) is Ricci-flat and hence it is Calabi-Yau. By replacing Ω to a suitable positive real constant-multiple of Ω if necessary, we may assume that c = n! 2 n . In the sequel, the Calabi-Yau manifold (resp. the Calabi-Yau structure) means a quadruple (M, J, ω, Ω) (resp. a triple (J, ω, Ω)) such that (J, ω) is a Kaehler structure and that (ω, Ω) satisfies (1.1) ω n = (−1) n(n−1)/2 n! √ −1 2 n Ω ∧ Ω.
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1 Let (J, ω, Ω) be a Calabi-Yau structure on M and g the Kaehler metric associated to (J, ω). Then, for any real constant θ, a n-form Re(e √ −1θ Ω) is a calibration on (M, g). A submanifold calibrated by Re(e √ −1θ Ω) is called a special Lagrangian submanifold of phase θ. According to Strominger-YauZaslov's conjecture ([SYZ] ) for the Mirror symmetry in the string theory, it is important to construct special Lagrangian submanifolds in a Calabi-Yau manifold.
Let M be C ω -Riemannian manifold and M C its complexification. In 1991, V. Gillemin and M. Stenzel ([GS] ) gave a construction of Ricci-flat metrics on a sufficiently small tubular neighborhood of M in M C . Let G/K be a (Reimannian) symmetric space of compact type. The complexification (G/K) C of G/K is defined as the complexified symmetric space G C /K C equipped with the G Cinvariant anti-Kaehler metric β A . The anti-Kaheler manifold (G C /K C , β A ) is called an anti-Kaehler symmetric space. This space (G C /K C , β A ) is identified with the tangent bundle T (G/K) of G/K under the one-to-one correspondence Ψ :
(see Figure 1 ), where Exp p denotes the exponential map of (G C /K C , β A ) at p, J 0 denotes the natural complex structure of G C /K C and v is regarded as a tangent vector of the submanifold o p
We consider the case where G/K is the sphere SO(n + 1)/SO(n)(= S n (1)). Then the complexification SO(n + 1, C)/SO(n, C) of SO(n + 1)/SO(n) is embedded into C n+1 as the complex sphere S n C (1) := {(z 1 , · · · , z n+1 ) | n+1 i=1 z 2 i = 1} of complex radius 1. The natural embedding ι of SO(n + 1, C)/SO(n, C) into C n+1 is given by ι(q) := cosh( Ψ −1 (q) ) · − → Op + √ −1 · sinh( Ψ −1 (q) ) Ψ −1 (q) · Ψ −1 (q) (q ∈ SO(n + 1, C)/SO(C)),
where p is the base point of Ψ −1 (q), O is the origin of of the (n+1)-dimensional Euclidean space R n+1 including S n (1)(= SO(n + 1)/SO(n)), and − → Op and Ψ −1 (q) are regarded as vectors of R n+1 (see Figure 2 ). Hence we have
In 1993, M.B. Stenzel ( [St] ) gave a construction of complete Ricci-flat metrics on the cotangent bundle T * (G/K) of G/K in the case where the rank of G/K is equal to one, where we note that
) gave a construction of complete Ricci-flat metrics on G C /K C in the case where the rank of G/K is general. These complete Ricci metrics give Calabi-Yau structures on G C /K C together with the natural complex structure J 0 and the natural non-vanishing closed holomorphic (n, 0)-
) constructed special Lagrangian submanifolds of some phase in the complexification SO(n + 1, C)/SO(n, C) of the n-dimensional sphere SO(n + 1)/SO(n) which are invariant under the natural action SO(n) SO(n + 1, C)/SO(n, C). M. Ionel and M. Min-Oo ([IO]) constructed cohomogeneity one special Lagrangian submanifolds of some phase in SO(4, C)/SO(3, C) which are invariant under the natural action SO(2) × SO (2) SO(4, C)/SO(3, C). K. Hashimoto and T. Sakai ([HS] ) constructed cohomogeneity one special Lagrangian submanifolds of any phase in SO(n + 1, C)/SO(n, C) which are invariant under the natural action
. Later, K. Hashimoto and K. Mashimo ([HM] ) constructed cohomogeneity one special Lagrangian submanifolds of any phase in SO(n + 1, C)/SO(n, C) which are invariant under the natural action K SO(n + 1, C)/SO(n, C) induced from the linear isotropy action K SO(n + 1)/SO(n)(= S n (1) ⊂ T eK (G/K)) of any irreducible rank two symmetric space G/K, where n := dim G/K − 1. Recently M. Arai and K. Baba ([AB] ) constructed cohomogeneity one special Lagarangian submanifolds of any phase and in the complexification SL(n + 1, C)/(SL(1, C) × SL(n, C)) = T (CP n ) of the complex projective space CP n = SU (n + 1)/S(U (1) × U (n)). In this paper, we first construct an almost Calabi-Yau structure
a natural number) and investigate in what case it is a Calabi-Yau structure, where J 0 and Ω 0 are the natural complex structure and the natural non-vanishing closed holomorphic (n, 0)-form on G C /K C (Section 2). In Section 3, we investigate the 0-level set of the moment map of a Hamiltonian action on the Calabi-Yau
. Let H be a symmetric subgroup of G. The natural action H G/K (which is called a Hermann action) is extended to the action on G C /K C naturally. This extended action H G C /K C is a Hamiltonian action. In section 4, we investigate the orbit structure of this Hamiltonian action H G C /K C . In Section 5, in the case where
is the metric generalized the Stenzel metric, we first give a construction of an H-invariant special Lagrangian submanifold of cohomogeneity r in (G C /K C , J 0 , ω ψ f , Ω 0 ), where r denotes the cohomogeneity of H G/K (see Theorem 5.4 and Corollary 5.5).
Calabi-Yau structures on complexified symmetric spaces
Let G be a compact semi-simple Lie group and θ an involutive automorphism of G. Let K be a closed subgroup of G with (Fix θ) 0 ⊂ K ⊂ Fix θ, where Fix θ is the fixed point group of θ and (Fix θ) 0 is the identity component of Fix θ. Denote by g (resp. k) the Lie algebra of G (resp. K) and B the Killing form of g. Denote by the same symbol θ the involution of g induced from θ. Set p := Ker(θ + id g ), which is identified with the tangent space T o (G/K) of G/K at o := eK (e : the identity element of G), where id g is the identity transformation of g. Since B| p×p is the Ad G (K)| p -invariant, we obtain a G-invariant metric β on G/K with β eK = B, where Ad G is adjoint representation of G. This Riemannian manifold (G/K, β) is called a (Riemannian) symmetric space of compact type. The dimension of maximal flat totally geodesic submanifold in G/K is called the rank of G/K. Denote by r the rank of G/K. Also, assume that G and K admit faithful real representations. Hence the complexifications G C and K C of G and K are defined. For the complexification B C (:
is called an anti-Kaehler symmetric space, which is one of semi-simple pseudo-Riemannian symmetric spaces. Note that the terminology "anti-Kaehler" is used in [BFV] and [Koi3, Koi4] for example. Define
Take an orthonormal base (e 1 , · · · , e n ) of p with respect to B and let (θ 1 , · · · , θ n ) be the dual base of (e 1 , · · · , e n ).
where we note that "strictly plurisubharmonicity" means that the Hermitian matrix ∂ 2 ψ ∂z i ∂z j is positive (or equivalently, ( √ −1∂∂ψ)(Z, Z) > 0 holds for any nonzero (1, 0)-vector Z). Then ω ψ := √ −1∂∂ψ is a real non-degenerate closed 2-form on G C /K C and the symmetric (0, 2)-tensor field β ψ associated with J 0 and ω ψ is positive definite. Hence (J 0 , ω ψ , Ω 0 ) is an almost Calabi-Yau structure on G C /K C . Thus, from each strictly plurisubharmonic function over G C /K C , we obtain an almost Calabi-Yau structure on G C /K C . Hence we suffice to construct a strictly plurisubharmonic function on
. We may assume that the metric of G/K is equal to β G/K by homothetically transforming the metric of G/K if necessary. On the other hand, the Riemannian manifold ( 
and (see Figure 3 ). Denote by Conv
) and the composition of the restriction map from
). Hence we suffice to construct W -invariant strictly convex functions over D or K-invariant strictly convex functions over U 2 (D) to construct strictly plurisubharmonic functions over U 3 (D). Let ψ be a G-invariant strictly plurisubharmonic (C ∞ -)functions over U 3 (D). Denote byψ the restriction of ψ to U 2 (D) andψ the composition of the restriction of ψ to U 1 (D) with Exp o . Denote by Ric ψ the Ricci form of β ψ . By a result of R. Bielawski (Theorem 3.3 in [B2] ), we have (2.1)
According to the result of [B1] , for any given
has a global K-invariant strictly convex C ∞ -solution. Furthermore, we can derive the following fact directly.
where β 0 is the Euclidean metric of
and ∇ 0 is the Euclidean connection of β 0 and det
Therefore the statement (i) is directly derived from the above result by R. Bielawski. The statement (ii) is trivial.
From a global W -invariant strictly convex C ∞ -solution ρ of the MongeAmpère equation
we can construct a complete Ricci-flat metric
by replacing ρ to a suitable positive constant-multiple of ρ if necessary. We consider the case of D = √ −1a. Then, according to the Schwarz's theorem ( [Sc] ), the ring C
where
In the following, set ψ f := f • − → ψ . By using Lemma 2.1, we can derive the following fact.
where c is a positive constant, and (x 1 , · · · , x r ) and (y 1 , · · · , y l ) are the natural coordinates of √ −1a and R l , respectively.
(ii) Assume that ∂f
where c is a positive constant, and (x 1 , · · · , x r ) and (y 1 , · · · , y l ) are as above.
Proof. By a simple calculation, we have
Hence, from (2.6), we obtain
that is,ψ f is convex. Also, we have
Hence we have det
Therefore, from Lemma 2.1, we obtain Ric
Remark 2.1. (i) By using the result of [B1] , we can show that the MongeAmpère type equation (2.6) has global solution f .
(ii) The Monge-Ampère type equations (2.6) and (2.7) coincide in the case of rank G/K = 1.
From (ii) of Theorem 2.2, we can derive the following fact.
where a, b and c are positive constants. Then
Hence, it follows from (ii) of Theorem 2.2 that
Remark 2.2. For f as in (2.8), β ψ f coincides with the Stenzel metric in the case where G/K = SO(n + 1)/SO(n)(= S n ).
Hamiltonian actions and the moment maps
Let (M, ω) be a symplectic manifold and the action H M of a Lie group H on (M, ω). This action H M is called a Hamiltonian action if it satisfies the following conditions (i)∼(iii):
(i) For any h ∈ H, h * ω = ω holds; (ii) For any element X of the Lie algebra h of H, i X * ω is exact, where X * denote the fundamental vector field on M associated to X, that is,
and i X * denotes the inner product operator by X * ; (iii) There exists a family
Here we note that, by the condition (ii), it is assured that there exists a family
and that the correspndence X → F X (X ∈ h) is linear. For a function F over (M, ω), the s-gradient vector field sgrad F is defined by dF (Y ) = ω(sgrad F, Y ) (Y ∈ T M ). Clearly we have sgrad F X = X * . The moment map µ : M → h * of this Hamiltonian action is defined by
Hence the level set µ −1 (0) is given by
be a Calabi-Yau manifold stated in the previous section and H be a closed subgroup of G. Denote by h the Lie algebra of H.
is a Hamiltonian action and its moment map µ ψ f is given by
where Im(·) denotes the imaginary part of (·).
(ii) The level set µ
Proof. Since ω ψ f is G-invariant and H is a closed subgroup, it is H-invariant.
where L X * denotes the Lie derivative with respect to X * . Since α is Hinvariant, we have L X * α = 0. Also, we have dα = −ω. Hence we obtain dF X = i X * ω. Also, it is clear that the correspndence X → F X (X ∈ h) is a Lie algebra homomorphism of h into C ∞ (M ). Therefore the action
Thus the statement (i) has been shown. The statement (ii) follows from (i) directly.
By using this lemma, we obtain the following fact.
Lemma 3.2. Let f be as in (2.8). Then the level set µ
p , the following relation holds:
Take any X ∈ h. Then, by a simple calculation, we have
∂ ∂xj , X * denotes the fundamental vector field on M C associated to X and X * i is the function given by
holds for any X ∈ h. On the othe hand, X moves over h,
moves over the whole of
holds. From this fact, the relation (3.4) follows. 
The actions of symmetric subgroups on complexified symmetric spaces
Let (G C /K C , J 0 , ω ψ f , Ω 0 ) be a Calabi-Yau manifold stated in Section 2. As in the previous section, set M :
. Let H be a symmetric subgroup of G and σ the involutive automorphism of G satisfying (Fix σ) 0 ⊂ H ⊂ Fix σ. The natural action H of on G/K(= M ) is called a Hermann action. Assume that σ • θ = θ • σ. Then the action is called a commutative Hermann action. Set n := dim M and denote by r the cohomogeneity of the action H M . The group H acts on M C as a subaction of the natural action G M C , where we note that G M C is a Hermann type action (this terminology was used in [Koi1] ). It is easy to show that the subaction H M C is a Hamiltonian action. Set q := Ker(σ + id g ). From σ • θ = θ • σ, we have
Take a maximal abelian subspace b of p ∩ q and a maximal abelian subsapce a of p including b. For β ∈ b * , we define p β and k β by
Also, we define △ b (⊂ b * ) by
which is the root system. Let (△ b ) + be the positive root subsystem of △ b with respect to some lexicographic ordering of b * . Then we have
where z • (b) is the cetralizer of b in (•). Set [Koi1, Koi3, Koi4] 
Hence H · q has the structure of the fiber bundle over H · p with the standard fibre H p · q and the structure group H p . 
Proof. Since (Exp
is equal to the image of the fibre of the normal holonomy bundle Hol
Hence it follows from Lemma 4.1 that H · q is described as in the statement.
Special Lagrangian submanifolds in complexified symmetric spaces
Let (G C /K C , J 0 , ω ψ f , Ω 0 ) be the Calabi-Yau manifold stated in Section 2, where f is as in (i) of Theorem 2.2. As in the previous section, set M :
. Let H be a symmetric subgroup of G and r be the cohomogeneity of the Hermann action H G/K. The naturally extended action of H on (M C , J 0 , ω ψ f , Ω 0 ) is a Hamiltonian action. Denote by µ ψ f the moment map of this Hamiltonian action. Let Z(h * ) be the center of g * , that is,
where Ad * denotes the coadjoint representation of H. It is clear that µ 
In the method of the proof of Proposition 2.6 of [HS], we can show the following fact. 
, where X * is the vector field on M C associated to the oneparameter transformation group {exp tX} t∈R of M C (exp : the exponential map of H). Hence we have (ω ψ f ) p (Y, X * p ) = 0. Therefore, it follows from the arbitrariness of X and
Therefore, it follows from the arbitariness of p that L is isotropic.
By Proposition 2.4 of [HS]
, we can show the following fact. 
Without loss of generality, we may assume that Σ passes through o. Let C be the component of U ∩ Σ containing p 0 . Then we have
with R r and C r , respectively. Let τ i : I i → C (i = 1, · · · , r) be regular curves, where I i is an open interval. Define an immersion τ :
, since H · p is an equifocal submanifold in M , the normal connection of the submanifold H · p in M is flat and hence the (restricted) normal holonomy representation
also is trivial. Therefore it follows from Lemma 4.1 that each component of
Here we shall explain that the cohomogeneity of the Hamiltonian action H M C is possible to be smaller than (n + r).
also is not necessarily trivial. On the other hand, we can show that H · q is equal to the image of the holonomy bundle Hol Ψ −1
From these facts, it follows that dim (H · q) is possible to be larger than (n − r). That is, the cohomogeneity of the action H M C is possible to be smaller than (n + r). Set b := T o Σ, which is a maximal abelian subspace of p ∩ q. Note that τ is rearded as a regular curve in b C under the identification of C r with b
and a Killing vector field (X
On the other hand, a basis of
The submanifold L τ is a special Lagrangian submanifold of phase θ if and only if τ 1 , · · · , τ r satisfy the following ordinary differential equation:
Next we shall give solutions of the ordinary differential equation (5.3). Let
, where ϕ i and ρ i are real-valued functions. Set
Also, let
and
where u 0 , v 0 , U 0 and V 0 are real-valued functions. Define u 1 and v 1 by
It is clear that
where U 1 and V 1 are real-valued functions. In the sequel, we define u i , v i , U i and V i (i = 2, · · · , r) by repeating the same process. Set
It is easy to show that
Corollary 5.5. Let F be the complex-valued function over R 2r defined by
.
then they are a solution of (5.3) and hence L τ (τ := τ 1 × · · · × τ r ) is a special Lagrangian submanifold of phase θ.
Proof. Since F is a holomorphic function, we have ∂u 0 ∂ϕ 1 = ∂v 0 ∂ρ 1 and ∂u 0 ∂ρ 1 = − ∂v 0 ∂ϕ 1 . From these relations and the definitions of U 0 and V 0 , we have
Hence we obtain Hence we obtain
F (ϕ1, ρ1, · · · , ϕr, ρr)dϕ1dϕ2 (ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr)) .
In the sequel, by repeating the same discussion, we obtain
From this relation, we can derive the statement of this corollary directly.
We consider the case where N = G/K is an dm-dimensional simply connected rank one symmetirc space of compact type and constant maximal sectional curvature 4c, that is, N = FP m (4c) (F = C, Q or O), where Q (resp. O) denotes the quaternionic algebra (resp. the Octonian) and d is given by
In these cases, we have Proof. Let {J 1 , · · · , J d−1 } be the complex structure, the canonical local basis of the quaternionic structure or the Cayley structure of FP m (4c). Then, since FP dm (4c) is of rank one, this action is of cohomogeneity one. It is shown that this action is commutative (i.e., θ • σ = σ • θ). In fact, Hermann actions on FP m (4c) are classified as in Table 1 and all of Hermann actions in Table 1 K. Hashimoto and K. Mashimo ([HM] ) gave the ordinary differential equation corresponding to (5.3) for the Hamiltonian action K T S n (1)(= SO(n+ 1, C)/SO(n, C)) induced from the restricted action K S n (1)(= SO(n + 1)/SO(n)) of the linear isotropy action of any irreducible rank two symmetric space G/K (see Theorem 5.2 of [HM] ), where n := dim G/K − 1 and S n (1) is the unit sphere of T o (G/K). Here we note that the action K S n (1) is a non-Hermann action of cohomogeneity one (stated in (ii) of Theorem A in [Kol] ).
Let K CP n (4)(= SU (n + 1)/S(U (1) × U (n))) be the action induced from the restricted action K S 2n+1 of the linear isotropy action of any irreducible rank two Hermitian symmetric space G/K through the Hopf fibration π : S 2n+1 (1) → CP n (4), where n = 1 2 · dim G/K − 1 and S 2n+1 (1) is the unit sphere of T o (G/K). Here we note that the action K CP n (4) is a non-Hermann action of cohomogeneity one (stated in (iii) of Theorem A in [Kol] ). Recently, M. Arai and K. Baba ([AB]) gave the ordinary differential equation corresponding to (5.3) for the Hamiltonian action K T CP n (4)(= SL(n + 1, C)/(SL(1, C) × SL(n, C))) induced from the action K CP n (4) (see Theorems 2.1-2.4 of [AB] ).
According to the classification of cohomogeneity one actions on irreducible symmetric spaces G/K of compact type such that G is simple (i.e., G/K is of type I in [H]) by A. Kollross (see Theorem B of [Kol] ), any Hermann action on FP m (4c) is orbit equivalent to one of Hermann actions in Table 1 . For all Hermann actions of cohomogeneity two on irreducible rank two symmetric spaces of compact type, we shall give the following datas:
All of such Hermann actions and the above datas for the actions are given as in Table 2 . By using Table 2 , we can explicitly describe the ordinary differential equation (5.3) for the Hermann actions of cohomogeneity two on irreducible rank two symmetric spaces of compact type. In Table 2 , in the case where
H + is {β 1 , β 2 , β 1 + β 2 }, it implies a positive root system
